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Equation (8) is the solution to the MHD Couette flow
formation from system starting at rest. The solution to this
problem was solved by Tao.2 However, Eq. (8) is much more
compact and lends itself much more easily to physical inter-
pretation and calculation than does the solution presented by
Tao. Equation (8) shows that for large o> the fluid does
not have time enough to respond fully to the changing mag-
netic field and responds only to the rms value.

A sample calculation was performed for the following
conditions:
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25 mho/m
0.1 m
1 cp
6350 gauss
10
0.1 cps

After 500 sec, the system will reach an almost steady state
that, for all practicality, is nonoscillating in the velocity field
and is uniformly oscillating in the current field J = a u X B.
The actual current distortion is less than 5% of the peak
value, thus indicating that a value of co = 0.1 cps is still
"large." It is interesting to note that the distortion of the
a.c. field is minimized for both co -* 0 and co -> oo . When the
fluid velocity field partially follows (lags behind) the magne-
tic field, distortion in the a.c. field arises.
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Inner-Outer Expansion Method for
Couple-Stress Effects

S. H. LAM* AND D. C. LEIGH!
Princeton University, Princeton, N. J.

COUPLE stresses are associated with couples per unit area.
For materials in which they are present, the usual stress

tensor is not symmetric. Couple-stress effects in linear elas-
ticity have been studied by Mindlin and Tiersten,1 Mindlin,2
and Sadowsky, Hsu, and Hussain.3 These authors noted
that, generally, the main effects of couple stresses are to be
found in thin layers adjacent to the boundary curves of the
problem. For example, Mindlin's exact solution for a stress-
free circular hole in a plate subjected to a uniform stress at
infinity clearly exhibits this boundary-layer-type behavior.

The pertinent parameter for couple-stress effects is e =
I/a where I is the couple-stress material constant and a is a
characteristic length of the problem. The linear couple-
stress elastic theory is valid for e < I.1 It appeared to the
first author that couple-stress problems with small e can be
treated quite generally as a singular perturbation problem by
following the formalism of the method of inner-outer ex-
pansion. For general references to this method, see Van
Dyke.4 In essence, we take advantage of the fact that e is
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small and proceed to construct an approximate solution that
remains uniformly valid in the limit e —*• 0. This method
can readily be applied to couple-stress problems with arbi-
trary geometries and boundary conditions. The generality of
the method should compensate more than adequately for the
loss of accuracy. For example, the elliptic-hole version of
Mindlin's problem could be very simply treated, whereas an
attempt on an exact solution proved to be a formidable task.5
The present authors have developed the general inner-outer
expansion solution including the leading terms for couple-
stresses for a hole of arbitrary shape. These results will
appear in a later publication. In the present note, we shall
illustrate the method of inner-outer expansion by applying it
to the simple case of a circular hole in a plate under uniform
tension at infinity.

From Mindlin,2 the potential functions <p and \f/ satisfies
the following equations:
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and all variables have been properly nondimensionalized.
Note that Eqs. (1-4) are not independent, for Eqs. (1) and
(2) can be derived from Eqs. (3) and (4). The usual stress
components and the couple-stress components are derived
from the potentials by means of
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J
where rer is the shear stress in the r direction on the 0-con-
stant surface and similarly for rr0. Mr is the couple-stress in
z direction on the r constant surface and similarly for ju0.
The boundary conditions at infinity are

— \ at r • (7)

and all other stresses and couple-stresses vanish. The bound-
ary conditions on the boundary of the hole are

CTr = TrQ = Mr = 0 at T = 1 (8)
We begin by saying that the solution for <£> and \l/ can be

expanded in the following form:

<f> = $o(£, 0) + c$i(f, 0) + e2$2(f, 6) + . . .
(9)

t = *„({, 6) + €*i(£, 0) + e2*2«, ff)+ ...
where £ = r — 1. The preceding expansions are called the
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outer expansions and are assumed valid away from the rim of
the hole. Around the rim of the hole, we assume that the
solution for <p and ^ are to be expanded in a different manner:

0) *, 0) ,0)
:,«H

(10)

The new variable £*which are called the inner expansions.
is denned by

£* = €/e (11)

The choice of this new variable is motivated by the realiza-
tion that in the inner region the couple-stress terms in the
differential equations are to be of the same order of magni-
tude (with respect to e) as the other classical terms in the
limit as e -»- 0.

By substituting Eqs. (9) and (10) into Eqs. (1) to (4),
and collecting terms of like powers in e, we obtain a system of
partial differential equations for 3>n and ¥«,.the various order
terms of the outer expansions, and a system of ordinary dif-
ferential equations for <pn and ^B, the various order terms of
the inner expansions. The boundary conditions at infinity
are to be satisfied by the outer expansions, whereas the
boundary conditions at the hole, Eq. (8), are to be satisfied by
the inner expansions. Furthermore, we require, following
the formalism of the method of inner-outer expansion, that
the asymptotic expansions for the inner solution as £* -* °°
are to match analytically the Taylor series expansions of the
outer solution near £ -> 0. It is through this matching pro-
cedure that the inner and outer solutions interact with each
other. For example, one of the matching conditions is

«*)"(^~iyi 1M

where ^m,n(9) is defined by

n!

...*n,0 (12)
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By means of simple quadratures, the following solutions for
<p and ^ are obtained :
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Note that <£<> is the classical noncouple stress solution.

STRESS CONCENTRATION FACTOR AT A CIRCULAR HOLE
IN A FIELD OF SIMPLE TENSION

Fig. 1 Stress concentration factor at a circular hole in a
field of simple tension.

Finally we look at the distribution of the stress component
<re by examining the first three terms of the inner expansion :

= 1 — 2 cos2 6

= (-1 + 6cos20)£*

= (| - 15 cos2 0) £* (16(1 - v) cos2 6)
where

0) 0) 0)

(15)

(16)

The leading term in the couple-stress effect is the second term
of ffet; which exhibits a singular behavior in the form
exp(— £/e) . The maximum stress concentration in the classi-
cal non couple-stress case is given by aeo at £* = 0 and 0 =
7T/2, namely, <70max = 3. The couple stress theory reduces the
maximum stress by 16(1 — i>)e2, i.e.,

= 3 - 16(1 - (17)
Although the linear couple-stress elastic theory is not valid

for e near or greater than unity, the mathematical solution for
large e can be obtained as an ordinary expansion in . We
have found the asymptotic solution which yields for o-0m
the value

= (5 - (18)

Although physically unrealistic, the asymptotic solution along
with the leading term of the inner-outer expansion allows one
to construct a function for aemax which is a good approxima-
tion not only for very small values of e but also for values that
are not so small.

We have constructed such curves in Fig. 1 by use of the
leading term of the inner-outer expansion and a straight line
that is tangent to the inner-outer expansion curve and has the
value assigned by Eq. (18) at e""1 = 0. The approximate
curves can be compared with Mindlin's exact solution in
Fig.l.
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